Abstract. The performance of finite element computation depends strongly on the quality of the geometric mesh and the efficiency of the numerical solution of the linear systems resulting from the discretization of partial differential equation (PDE) models. It is common knowledge that mesh geometry affects not only the approximation error of the finite element solution but also the spectral properties of the corresponding stiffness matrix. In this paper, for typical second-order elliptic problems, some refined relationships between the spectral condition number of the stiffness matrix and the mesh geometry are established for general finite element spaces defined on simplicial meshes. The derivation of such relations for general high-order elements is based on a new trace formula for the element stiffness matrix. It is shown that a few universal geometric quantities have the same dominant effect on the stiffness matrix conditioning for different finite element spaces. These results provide guidance to the studies of both linear algebraic solvers and the unstructured geometric meshing.
facts in this direction were based on the vast experiences in the application of finite element technology, such as the belief that poorly shaped elements can give rise to ill-conditioned matrices, which tend to slow down or even prevent the convergence of iterative solvers. Even with the increasing popularity of the unstructured simplicial meshing in finite element simulations, there were relatively few attempts at general discussions on the precise connections between the solver performances and the qualities of unstructured meshing. From among the notable works we recall [36] , in which the effect of the unstructured irregular grids on the performance of algebraic solvers and preconditioners has been examined through numerical examples. In [6, 18] , the trade-offs associated with the cost of mesh improvement in terms of solution efficiency have been analyzed numerically. In [37] , comprehensive discussions have been made on mesh quality measures, and in particular, on how a good element for resolving the discretization error may at the same time be good for the efficient solution of the resulting algebraic systems. More recently in [15] , a mesh and solver co-adaptation strategy has been studied in the context of finite element methods for anisotropic problems.
In a more general arena, but closely related to our objective, the exploration of the properties of the stiffness matrix resulting from the finite element discretizations in relation to the underlying geometric meshes has remained a continuing theme in the finite element literature for half a century. Precise and explicit descriptions of the relations between mesh geometry and the spectral condition numbers are naturally helpful to the understanding of the whole finite element solution process. Yet the current understanding of such relations remains largely incomplete despite a number of existing investigations [2, 21, 37, 38] .
In this work, we are able to establish a precise relation between the mesh geometry and the spectral condition number of the stiffness matrix for some typical second-order elliptic equations discretized by general finite element methods based on unstructured simplicial meshes in any space dimension. An important conclusion following from our analysis is that the effect of the element geometry on the conditioning of the stiffness matrices for more general finite element methods is similar to that of the conforming linear Lagrange finite element. Consequently, a simplicial mesh that makes the stiffness matrices less ill-conditioned for the linear element tends to do the same for high-order elements as well. Results of such generality, to the best of our knowledge, have not been presented before in the literature. They bring new understanding to mesh generation and optimization and the solution of discrete algebraic systems.
Our analysis is based on the derivation of an explicit trace formula for the element stiffness matrix corresponding to the finite element approximation to the Laplace operator (presented in section 2). While requiring only routine calculations, the trace formula appears to be new and quite elegant. It helps us to derive, in section 3, more precise estimates on the extreme eigenvalues of element stiffness matrices for general finite element spaces in terms of the element and mesh geometries, using an earlier framework on the estimation of stiffness matrix conditioning in [20, 21] . Some known calculations in the literature on the linear Lagrange finite element are also presented there as comparisons. The new estimate not only makes some of the classical works (such as those in [19, 20, 21 ]) more precise but also makes some observations for special cases (such as those in [37] ) more general. In addition, we specialize to various cases and consider the relevant extensions (in section 4). The theoretical analysis is also complemented by numerical experiments which serve as further validation.
Finite element approximation and a new trace formula.
In this section, we first derive a new trace formula for the element stiffness matrix for the Laplace operator using general finite element methods. We then recall briefly the abstract framework on the condition number estimate for general symmetric secondorder elliptic equations given in [21] and the discussion on the linear Lagrange finite element given in [37] . These results form the basis of discussions on the condition number estimation for general high-order elements on general unstructured simplicial meshes.
Basic finite element terminology.
Given an open bounded convex domain Ω ∈ R d with a Lipschitz-continuous boundary, we consider the following general self-adjoint linear second-order elliptic boundary value problem: (2.1)
where the coefficient matrixÃ = (a ij ) d i,j=1 is symmetric positive definite everywhere in Ω and a 0 ≥ 0 in Ω. BothÃ and a 0 are assumed to be smooth and uniformly bounded for simplicity. In addition, we let f ∈ L 2 (Ω). The corresponding variational weak form is as follows:
It is well known that the above weak variational form (2.2) has a unique solution in H 1 0 (Ω) [11] . Let τ denote the finite element mesh (a triangulation, or equivalently, a simplicial mesh for much of our discussion). Appropriate finite element spaces with suitably chosen nodal basis functions {φ j } N j=1 may then be employed to discretize the continuous problem (2.2), resulting in algebraic systems associated with the finite element approximations. For any (simplicial) element t ∈ τ , we assume that the nodal basis, when restricted to t, is given by a canonical transformation from a nodal basis defined on a reference simplex described by the barycentric coordinates
Concerning the finite element space, we make an additional assumption that the nodal basis on t 0 is invariant with respect to the permutation of the vertices, a property that is satisfied by most of the finite element spaces.
Let K and M be the N × N stiffness and mass matrices, respectively, generated by the finite element methods, that is,
Here, as in [20] , a positive density function ρ = ρ(x) is introduced into the mass matrix. While for much of the discussion we focus on the case when ρ = 1 is a constant, a nonuniform density can be very useful in dealing with highly nonuniform meshes. Without further complicating the discussion, we assume that ρ remains positive and smooth in the domain of interest.
Obviously, both K and M are symmetric, with M being positive definite and K being either positive or nonnegative definite. Denote the element matrices corresponding to K and M by K t and M t , respectively, for any (simplicial) element t ∈ τ .
We use n to denote the dimension of K t and M t , which corresponds to the degree of freedom or the number of nodal basis functions for the element t.
The eigenvalues of K and M are denoted by {λ
, which are ordered by
In this notation, λ are the maximal eigenvalues, respectively. Similarly, we use {λ
and {λ
to denote the eigenvalues of K t and M t , respectively, which are also ordered by
For the case of a conforming linear finite element, the nodal basis on the element t is simply given by the coordinates {b 1 
be the vertices of t with z j having corresponding barycentric coordinates b j = 1 and
is a linear function of x ∈ t, representing the ratio of the volume formed by the simplex with vertices x ∪ {b j , j = i} and the volume of t. Moreover,
It is also trivial to see that ∇b i gives the normal direction of the (d − 1)-dimensional face A i of t, opposite to the vertex z i , and |∇b i | is the reciprocal of the height of the simplex t corresponding to the vertex z i . Equivalently, we have [11] (2.4)
with |t| denoting the volume of t and |A i | being the area of the face A i for each
2.2.
A trace formula for the element stiffness matrix. We now derive a new trace formula for the stiffness matrix associated with the Laplace operator discretized by general simplicial finite element spaces. We adopt the notation introduced in the previous subsection but specialize to the case of 
to denote a general form of the nodal basis functions on t, and the finite element approximation is given by functions whose restrictions on t are linear combinations of {L i }.
Notice that it is assumed that the set of basis functions remains invariant under any permutation to vertices, and thus under any permutation of the barycentric coordinates.
Consider the element stiffness matrix K t . Its (k, l)th entry is now given by
In particular, we have the mth diagonal entry given by
Here, we have used the fact that ∂bj ∂xi and ∂b k ∂xi are constants on t. Now, we sum over m to get the trace of K t ,
By the invariance of the set of basis functions under the permutation of the barycentric coordinates, we see that there are two constants α 
Thus, we may use (2.7) and (2.8) for the cases k = j and k = j, respectively, to complete the sum in (2.6) over the index m first. This leads to
Noticing from the definition of {b j } that
we then further obtain 
, then by a symmetry consideration, we can get the following equivalent form of γ d n :
Moreover, with a change of variable in the integral, we get a geometry-independent form of γ d n as follows:
where t 0 is the standard reference simplex defined in (2.3).
We thus arrive at the following theorem. Theorem 2.1 (a new trace formula). For any general finite element spaces defined on a simplicial mesh τ with the nodal basis on any d-dimensional simplex t ∈ τ satisfying the invariance property specified above, the element stiffness matrix for (2.5) has the trace formula
where n is the cardinality of the set of local nodal basis functions, γ d n is the positive constant defined by (2.11), and Q d (t) is as defined by (2.10) .
It is important to note that γ d n is a positive constant that depends only on the corresponding basis functions on the reference simplex t 0 and is independent of the geometry of the particular element t. Thus, we see the elegance of the above trace formula: it implies that the trace of the element stiffness matrix for general finite element spaces (with an invariant basis) is a product of two factors, with one being γ d n , which is completely independent of the element t, and the other being Q d (t), the trace of K t corresponding to the linear nodal basis consisting of {b j } d+1 j=1 , which is completely independent of the choice of the finite element spaces (as long as they take some invariant basis). While the calculation of the special case for the linear element is widely known in standard finite element texts [2, 11, 38] , to the best of our knowledge, the more general cases have not been presented in the literature. Our derivation of the results is indeed for general finite element spaces on simplicial meshes that include the classical standard Lagrange finite element spaces of any order, and other exotic spaces, such as the enrichment of the conforming linear element with bubble functions or stabilized finite element spaces [1] .
As a corollary, using the nonnegativeness of K t , we can get an estimate for the maximum eigenvalue λ Kt n of the element stiffness matrix K t . Corollary 2.1. Under the above conditions, we have
Though the upper and lower bounds in (2.13) differ by a factor of n− 1, the above estimate does provide a precise control on the contribution due to the mesh geometry on the largest eigenvalue of the element stiffness matrix. To be discussed later, this is crucial to the application of the framework developed in [20, 21] for estimating the condition number of the assembled global stiffness matrix K on the whole domain. Naturally, by summing over all elements, we may also get a trace formula for the global stiffness matrix using the result of the above theorem. Let us consider (2.14)
with a diffusion coefficient μ = μ(x) and Neumann boundary condition ∂u ∂n = g on ∂Ω. Assume that the f and g are compatible so that the equation is solvable.
Corollary 2.2. For any general finite element spaces defined on a simplicial mesh τ with the nodal basis on any d-dimensional simplex t ∈ τ satisfying the invariance property specified above, let K μ be the global stiffness matrix of (2.14) with a Neumann boundary condition. If μ remains a constant on t for any t ∈ τ , then K has the trace formula
where μ t denotes the value of μ on t ∈ τ . The trace formulae can be extended to more general cases, where μ is not necessarily a constant on t but remains invariant under the transformation of permuting the vertices. For example, in two dimensions, μ on an element t can take on a function of the form c 1 + c 2 b 1 b 2 b 3 , with {b i } being the barycentric coordinates on t and c 1 , c 2 being some constants.
Note that for Dirichlet boundary conditions, contributions from the basis functions corresponding to the boundary nodes are not normally assembled into the stiffness matrix, which thus may lead to a minor alteration of the trace formula. We note that in the literature, it has been suggested that the minimization of the trace of the stiffness matrix can be used to optimize finite element grids; we see from (2.15) that the dependence of the trace on the mesh geometry is in fact the same for general finite element spaces.
In practical implementation of the finite element methods, especially with the use of high-order finite element spaces, the assembly of the stiffness and mass matrices is often done with the help of numerical integration. With enough precision in the numerical quadrature, the order of accuracy of the finite element methods can be preserved [38] .
It is then natural to ask if the use of quadrature affects the discussions in this paper and thus the relation between the mesh geometry and the conditioning of the stiffness and mass matrices.
Let us consider first a simplex t which is mapped via an affine transform F to the reference element t 0 . Let {w m , y m ∈ t} be a quadrature formula on t 0 , that is,
Notice that a factor t 0 is added in the quadrature so that a normalization condition m w m = 1 is satisfied. We assume in addition that {w m , y m ∈ t} gives an invariant quadrature; that is, it is invariant with respect to a permutation of the vertices of t 0 , which is satisfied, for instance, by the one point quadrature at the barycenter, the midside rule, and other invariant high-order Gaussian quadratures [41] . For the entries of the element stiffness matrix for the Poisson equation
Now, define the modified bilinear form aŝ
for any polynomials φ and ψ defined on t and {x m = F −1 y m }. We then can follow a similar derivation given above to compute the trace of the modified element stiffness
Theorem 2.2. For any general finite element spaces defined on a simplicial mesh τ with the nodal basis on any d-dimensional simplex t ∈ τ satisfying the invariance property specified above, we have the following trace formula for the modified element stiffness matrixK t for (2.5) computed using an invariant numerical quadrature:
where n and Q d (t) are as defined before, F is the affine map that maps t to t 0 , and γ d n is a positive constant defined by
The significance of Theorem 2.2 lies in the fact that the only geometric factor affecting the trace remains to be Q d (t) even with the use of a numerical integration. Of course, the assumption that the quadrature is invariant is crucial for the observation to hold.
Before we conclude the discussion on the trace formula, we make a few comments on the constant γ d n . First of all, it is possible to get some explicit estimates of γ d n . For instance, as seen before, for a linear finite element in any dimension, we have γ
2 . Naturally, it would be interesting to investigate the asymptotic behavior of γ d n as n gets larger. This would be of interest for the case of very high order Lagrange elements and p or h−p finite element spaces. Such a behavior will be studied in future works.
Mesh-dependent condition number estimates.
In this section, we first discuss some detailed computations given in [37] on the relation between condition numbers of the stiffness matrices and the mesh geometry in some special cases. These results provide insight into the type of estimates we can expect in general. Afterwards, we recall some earlier estimates on the condition number of the stiffness matrices presented in [21] . We then use the trace formula derived in the previous section to reveal the detailed dependence of the condition numbers on the mesh geometry in the more general settings.
Some known results on the linear Lagrange finite element.
We first focus on a special case corresponding to the Poisson equation with a homogeneous boundary condition:
and its equivalent variational weak form:
While the explicit forms of the element stiffness matrices for linear triangular and tetrahedral elements can be found in many standard finite element texts, a detailed calculation can be found in [37] , where careful discussions on the bounds of the eigenvalues of element stiffness matrices are also presented with respect to the mesh quality corresponding to the linear Lagrange finite element. Here, we briefly recall the results presented in [37] . Similar calculations have been given in many other works; see, for example, [20, 38, 40] . In the two space dimension, let {l i , θ i } (i = 1, 2, 3) be the edge lengths and internal angles of a triangle t ∈ τ with area |t|. Then the element stiffness matrix on the triangle t is precisely [37] 
In [37] , the roots of its characteristic polynomial are computed as λ 1 = 0 and
The largest root λ Kt 3 is a scale-invariant indicator of the quality of the triangle's shape in terms of (3.4) . Similar calculations can be found in other works as well; see, for example, [36] , where eigenvalues of the diagonally preconditioned element stiffness matrix have also been explicitly computed. Note that the eigenvalues are nonnegative and λ 1 = 0, so
The above equation is a special case of (2.13), and as explained in [37] , it also shows that if any of the angles approaches 0 or π, it would lead to large λ Kt 3 , thus affecting the conditioning of the stiffness matrix. These angle conditions, as pointed out in [36] , reflect the common knowledge of minimizing the element distortion, a principle behind the Delaunay triangulation [22, 37] , and are compatible with the angle conditions for guaranteeing the uniform finite element approximations of derivatives [3, 38] .
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Similarly, the element stiffness matrix for the linear Lagrange element on a threedimensional tetrahedron t can be written as [37] (3.6)
where l ij is the edge of t with a corresponding dihedral angle θ ij , and the diagonal entries {k ii } are such that the row sums are all identically zero. In [37] , the characteristic polynomial of K t is calculated as
From (3.6), we can see that if one of the dihedral angles approaches 0, its cotangent approaches infinity, and so does λ Kt 4 , the maximum eigenvalue of K t . For a tetrahedron, it is possible for one dihedral angle to be arbitrarily close to π without any dihedral angle of the tetrahedron being small (see [37] ). Although an angle approaching π has a cotangent approaching negative infinity, surprisingly, such a tetrahedron does not induce a large eigenvalue in K t because each entry on the diagonal of K t is nonnegative and has the form i,j l ij cot θ ij . Therefore, if t has no dihedral angle close to 0, the diagonal entries of K t are bounded from the above, and thus so is λ Kt 4 . This observation does not depend on whether t has planar angles near 0.
For λ Kt 4 of a tetrahedron t, the following equation holds [37] :
where Q 3 (t) is as given in (2.10). This is again a special case of our general estimates (2.13) for the linear tetrahedral element (with d = 3 and n = 4). It shows that λ Kt 4 (and thus λ K N ) is not scale-invariant so that λ Kt 4 grows linearly with the longest edge, as pointed out in [37] .
These calculations give some insight into how the conditioning of the element stiffness matrix for the linear element might be dependent on the mesh geometry. For a general higher-order finite element, it is not always possible to analytically solve for the eigenvalues of element stiffness matrices. Instead, the trace formula developed in the previous section can help establishing the link between the mesh and the element stiffness matrices for general finite element spaces. The only key step that remains to be worked out is to see how the global stiffness matrix condition number is related to that of the element stiffness matrix. This is to be addressed next.
Some known condition number estimates.
As stated before, we are interested in studying the stiffness matrix conditioning for general self-adjoint elliptic equations discretized by general finite element spaces on unstructured simplicial meshes. In [20, 21] , a general estimate on the spectral properties of the global stiffness matrix in relation to that of the element stiffness matrix was given:
where P * is the maximal number of elements in τ meeting at a nodal point, and λ 1 is the smallest eigenvalue of the following elliptic eigenproblem:
where λ denotes any of the eigenvalues and u denotes a corresponding nonzero eigenfunction. The density ρ can be taken to be the unit constant in most cases, but for highly nonuniform meshes, a nonuniform density tends to give sharper estimates. From (3.9) and (3.10), the spectral condition number of the stiffness matrix K, Cond(K), satisfies the following inequalities [21] :
The lowest exact eigenvalue λ 1 can be regarded as a constant that depends only on the intrinsic properties of the continuous problem but does not depend on the discretization parameters. In this paper, we always consider those meshes with uniformly bounded P * .
It is certainly interesting to examine the sharpness of the estimates (3.12), or rather, the corresponding estimates on the extreme eigenvalues in (3.9)-(3.10). As our interests are to explore the connection between the mesh geometry and the condition number estimates, it can be seen from (3.9) that the estimate on the largest eigenvalue of the stiffness matrix is sharp up to at most a mesh-independent constant factor. But the lower and upper bounds in (3.10) can be different by orders of magnitude in an unstructured grid for a constant density ρ. A nonuniform density that matches the element volumes can help make the bounds sharper, as shown in [20] . This issue will be revisited in later sections. We note here that in cases where (3.12) is sharp, it remains to find good estimates on the extreme eigenvalues of the element stiffness and mass matrices.
Condition number estimates for general finite element spaces.
For a given PDE, the relation between mesh geometry and stiffness matrix conditioning may vary with respect to different finite element spaces. To be able to utilize the trace formula and the estimates on the maximum eigenvalues of the element stiffness matrix established in the previous section, we again focus on the model problem (3.1) with an appropriate finite element space. Hence, in this subsection, K denotes the global stiffness matrix corresponding only to (3.1).
By (3.12) , to bound the condition number of K, we need estimates on λ
Mt n , and λ Kt n for the element mass and stiffness matrices corresponding to (3.1). The dependence of the spectral properties of the mass matrices on the mesh geometry has been previously studied. Some detailed computation can be found, for example, in [40] . For the element mass matrices, the computation is even simpler. Given a general finite element basis function ψ = ψ(x) of the form
where {b i } are the barycentric coordinates, k is a (d + 1)-dimensional multi-index with | k| 1 being the l 1 norm, and the coefficients α k depend only on the finite element space chosen, but are independent of mesh geometry. For the uniform density ρ = 1, using a change of variable to the reference element t 0 , it is easy to get the following.
Lemma 3.1. For the model bilinear form a Ω in (2.5), for the constant density ρ = 1, the element mass matrix M t on the element t satisfies
Consequently,
where δ n and σ n are two constants given by
Note that the constants δ n and σ n are independent of the element t but only on t 0 and the corresponding local finite element basis. For a nonuniform density ρ, we have the following. By the definition of the element mass matrices, it is then easy to see that
where M 1 t corresponds to the element mass matrix with the constant density ρ = 1. Then by Lemma 3.1 and the variational definitions of the extreme eigenvalues, we immediately get the results in (3.16) and (3.17).
The above lemmas are valid for general finite element spaces, and it simply implies that, by (3.10), a lower bound for the smallest eigenvalue λ K 1 of the global stiffness matrix is proportional to the volume of the smallest element, while an upper bound is proportional to the volume of the largest element; that is, see the following.
Lemma 3.3. Under the conditions on the finite element spaces described earlier, for the model bilinear form a Ω in (2.5), the smallest eigenvalue of the global stiffness matrix satisfies
where δ n and σ n are two constants defined in (3.15).
We note that the lower and upper bounds in (3.18) remain nearly on the same order for meshes with quasi-uniform element volumes in terms of the dependence on the mesh geometry. Thus, we expect that (3.18) may be less effective in highly graded or adapted meshes containing elements of very different sizes. We will revisit this in later discussions. Now to complete the condition number estimate, we need only bound the largest eigenvalue λ K N . From (3.9), we know that λ K N is related to the largest eigenvalues of the element stiffness matrices. Given the bounds on the largest eigenvalues of the element stiffness matrices in (2.13), bounds of λ K N may be derived. Lemma 3.4. Under the conditions on the finite element spaces described earlier, for the model bilinear form a Ω in (2.5), the largest eigenvalue of the global stiffness matrix satisfies
Combining the results of Lemmas 3.3 and 3.4, we get the following. 
The proof of the theorem simply follows directly from the application of Lemma 3.1, Corollary 2.1, and estimates (3.9) and (3.10).
The above result is for the Poisson equation (3.1), and the results for general diffusion equations can also be derived. As our objective is to explore the mesh dependence, we do not intend to get the optimal estimates with respect to all the quantities and parameters involved. Instead, we focus on results that have precise dependence on the geometric factors of the simplicial meshes. This can be easily achieved. For example, let us consider the following diffusion equation with a variable diffusion coefficient
uniformly for x ∈ Ω for some positive constants β 1 and β 2 . We use K A to denote the stiffness matrix associated with the finite element discretization of (3.21) to differentiate from the notation K, which is reserved to denote the stiffness matrix for the Poisson equation (3.1) in this subsection. Then it is easy to check that for any y ∈ R N , we have
and similarly,
Thus, using the standard variational characterization of the extreme eigenvalues, we immediately get the result of the following theorem. 
Consequently, we also have the following condition number estimates:
The above theorem is very general and is valid in any space dimension for a general diffusion equation and for a general and possibly high-order finite element space (with an invariant nodal basis) defined on a general unstructured simplicial mesh. Despite the appearance of many terms in the estimate (3.25) , a very precise relation between the conditioning of the global stiffness matrix and the mesh geometry is revealed by the bounds. Indeed, the most relevant quantities in (3.25) to the meshing qualities are simply the two ratios assuming that P * , the maximal number of elements meeting at a nodal point, is under control. We note that for highly anisotropic problems or problems with strong inhomogeneous coefficients, the difference between β 1 /β 2 and β 2 /β 1 can be large. This issue is to be visited in later sections.
Mesh geometry and stiffness matrix conditioning.
Based on Theorem 3.2, it can be said that, at least for problems that are not highly anisotropic, the most important geometric quantities that affect the conditioning of the global finite element stiffness matrix are the scaled volume ρ t min |t| of each element t (or ρ t max |t|, as we anticipate that ρ t max and ρ t min are of the same order for a given t), and the corresponding value of Q d (t). This is a rather universal property that is valid for general finite element spaces and general model equations. An effective control on these quantities in the meshing procedure may bear significance on the control of the conditioning of the linear systems coming from the finite element approximations. In the two-dimensional case, we know that Q 2 (t) corresponds to cot θ i with {θ i }
being the angles of the triangle t; thus, avoiding small angles in the triangulation is always preferred, as in the case of the Delaunay triangulation [22, 34, 37] . In fact, Q d (t) (for d = 2 or 3) has also been used as a mesh quality measure in many earlier studies on unstructured triangular meshes [5, 27, 30] . It has been labeled as a (smooth) conditioning quality measure in [37] based on the explicit calculation quoted earlier for the special case of the Poisson equation with a piecewise linear element. Relations between Q d (t) and other mesh quantity measures (see a nice summary in [37] ) can also be established. For example, let r in (t) be the radius of the largest inner-sphere of t; then
where {ĥ i (t)} are the heights of the simplex t corresponding to the faces {A i }. Similarly, letting r mc (t) be the radius of the smallest containment sphere of t (the min-containment radius [37] ), we have
These inequalities imply that
Thus, how Q d (t) varies with respect to a scaled volume is very much related to the traditional characterization of the dependence of r in (t) and r mc (t) on the volume. We leave more discussions along this line for future work.
Numerical validation and applications.
We now apply the general estimates obtained in the previous section to various special cases. Some of these are widely known and are consistent with the popular understanding in the finite element and meshing community, while others are interesting on their own. Numerical examples are provided to assess whether the estimates are sharp.
Two-dimensional uniform triangular element.
As a special case, we consider a two-dimensional rectangular domain with a uniform triangular mesh consisting of right triangles, but with different aspect ratios; see Figure 4 .1 for an illustration. We take ρ = 1 in this case. Let h be the length of the diagonal of each right triangle, and let θ and π/2 − θ be the two acute angles. Theorem 3.1 implies the following.
Corollary 4.1. Given the uniform triangular mesh described above, and under the assumptions on the finite element spaces made earlier, for the model bilinear form a Ω in (2.5), we have the condition number estimate
for some positive constants c 1 and c 2 , independent of h and θ. Proof. It follows from a simple calculation that for each triangle t, we have |t| = h 2 sin(2θ)/4 and Q 2 (t) = 8/sin(2θ). Substituting into the inequality (3.20), we get (4.1) immediately.
The result in Corollary 4.1 is widely known in the finite element and meshing community [2, 38] . It is in fact quite sharp. In Tables 4.1 to sin −1 (2θ), regardless of the order of the finite element spaces used. The same proportionality is true for λ In Figure 4 .2, we plot with respect to sin −1 (2θ) (the horizontal axis) the curves of the largest eigenvalue and the condition number, respectively, for both the linear and the quadratic elements. The condition number for the quadratic case is normalized by a factor of 5.12 so as to fit into the same plot range. The perfect linear behavior verifies the theoretical prediction.
Finite element on quasi-volume-uniform, shape-regular meshes.
The previous example focuses on the effect of the shape regularity on the condition number with a uniform element size (volume). We now discuss some effect of the element size on the condition number when the shapes of the elements remain regular. In this subsection, we consider a simplicial mesh τ with simplices t ∈ τ satisfying
for some positive constants ρ 1 and ρ 2 , independent of t. We refer to such meshes as shape regular. In light of (3.26), to assure (4.2), it is sufficient to assume that
for some constant ρ 3 . Note that the latter condition is consistent with the traditional meaning of shape regularity given in standard texts (see, e.g., [11] ). Meanwhile, we refer to a simplicial mesh τ as being quasi volume-uniform if holds for some positive constant ρ 3 , independent of t. Note also that this is somewhat different from the traditional notion of a quasi-uniform mesh, which is measured using the diameters of the elements rather than the volumes [11] . First of all, we take d = 2 and consider the conforming linear element space on a quasi-volume-uniform and shape-regular triangulation. Theorem 3.1 implies the following.
Corollary 4.2. For the model bilinear form a Ω in (2.5) with a two-dimensional linear triangular element space defined on a quasi-volume-uniform and shape-regular triangulation, if h is the mesh parameter (diameter of the largest triangle), then
for some constants c 1 and c 2 , independent of h. Proof. We notice that under the assumption on the triangulation, for each triangle t, Q 2 (t) = |t|
and |t|h −2 remains uniformly bounded below and above by positive constants. Substituting into the inequality (3.20) with ρ = 1, we get the corollary immediately.
While the above corollary is widely known, a lesser-known version about general Lagrange triangular finite element spaces remains true [2] . 
for some constants c
and c
, which are dependent on the finite element basis on the reference element t 0 and dimension d, but are independent of h.
The proof follows from the same line of argument as in the two-dimensional linear element case. We note that these corollaries can of course be derived in other ways, for instance, with the use of inverse inequality [11] .
4.3.
Finite element on nonuniform shape-regular meshes. We now consider the case of shape-regular meshes, as specified by (4.2), but without the quasivolume-uniform assumption. Thus, the element sizes |t| are allowed to vary in a very large range. We then have the following. The above result is interesting, for example, in the context of adaptive finite element simplicial meshes satisfying (4.2) but containing elements with considerable variations in their sizes. Preserving shape regularity is often implemented in the local mesh refinement procedure so that it is reasonable to expect that (4.2) is satisfied.
Let h min be the diameter of the smallest element in an adaptive finite element mesh satisfying (4.2). In both one and two space dimensions, we see that the use of a constant density ρ = 1 would yield an upper bound proportional to h −2 min , which is about the same order for the condition number of the linear system resulting from a uniform mesh of the mesh size h min , though the degree of freedom (and thus the dimension of the global stiffness matrix) may be much smaller in the adaptive case than in the uniform case. Yet, this is generally not sharp. In [20] , it was shown that with the element size distribution being inversely proportional to the nonuniform density, that is,
where N is the number of elements in τ , and c 1 and c 2 are some positive constants, the sharper upper bound
holds. This is naturally consistent with the estimate given in (4.4). The sharper estimate indicates a much better condition number, and thus further demonstrates the greater efficiency of the adaptive mesh in both representing the PDE solutions and improving the conditioning of the resulting linear systems. For the inequalities (4.5) to hold for a smoothly defined density function, the variation in the element sizes needs to be properly controlled. Yet, we present a simple numerical example to illustrate that the bound (4.6) remains quite accurate even for highly graded meshes. We take a two point boundary value problem, 
In min ), which is consistent with the sharper estimate (4.6).
As mentioned in [37] , a few small elements in a largely uniform mesh tend to produce large condition numbers, but in fact, they may only lead to a few outliers in the eigenvalue distributions and can thus be treated effectively. We also plot in Figure 4 .3 the distribution of the logarithm of all 41 eigenvalues for the stiffness matrix corresponding to m = 21. It shows that, rather than giving only a few outliers, the geometrically (exponentially) graded meshes produced nearly exponentially distributed eigenvalues. The same numerical results can also be reproduced for two-dimensional analogues as well.
Similar numerical examples can be constructed for two-dimensional problems. In dimensions three or higher, if we take ρ = 1, then the upper bound of the condition number estimate in Corollary 4.4 shows the dependence on h −d min , which is even worse than the dimension-independent estimate O(h −2 min ) in Corollary 4.2 for a quasi-volumeuniform shape-regular mesh with mesh size h min . One may expect that it might be possible to get sharper bounds using a nonuniform density. We will examine these issues in greater detail in the future.
4.4.
Finite element with three-dimensional tetrahedral meshes. Finite element methods are very popular for many large-scale three-dimensional problems. Three-dimensional unstructured tetrahedral mesh generation and optimization have also attracted much attention. For most mesh generators, a mesh sizing measure is introduced so that a mesh with suitably distributed sizing measure can be produced. Yet, controlling the shape regularity of the elements in spaces of three and higher dimensions remains a challenging task [17, 24, 31, 37] . We now present some examples of the condition numbers of the stiffness matrix for the Poisson equation (2.5) in a cubic box [0, 10] 3 with a homogeneous Dirichlet boundary condition. The equation is solved based on some unstructured tetrahedral meshes generated with a uniform sizing measure. For detailed discussions on the related mesh generation procedures, we refer to [13, 14, 16, 17, 25] and the references cited therein. In our numerical results, computations are performed on meshes having two levels of resolution with the coarser meshes having element numbers ranging from 7500 to 7900 and with the finer meshes having element numbers ranging from 21200 to 22100. The results of the corresponding extreme eigenvalues of the global stiffness matrices denoted by {λ It is of course straightforward to get the condition numbers from the ratios of the extreme eigenvalues. In each case, we also list the number of elements (N τ ) in the mesh τ , the maximum (max t∈τ |t|) and minimum (max t∈τ |t|) values of the element volumes, and the maximum value of Q 3 (t) for t ∈ τ . We may see from the tables that the smallest eigenvalues {λ
remain nearly constant for meshes at the same level with a ratio of nearly factor 8 between the linear and quadratic elements. Notice that the smallest and the largest element volumes do vary between meshes at the same level, so the lower and upper bounds in (3.18) are not tight in this case. Meanwhile, for the largest eigenvalues, they follow proportionally to the values of Q d (t) as predicted by estimate (3.19) . More extensive computational studies for more general equations and geometric domains are currently under investigation.
Effect of anisotropy.
Diffusion equations with highly anisotropic coefficients have wide applications in many practical problems. In [37] , some discussions have been given for the linear finite element corresponding to an anisotropic Poisson equation of the form (3.21) with A = A(x) being replaced by a constant matrix B.
To simplify the notation, we take the two-dimensional case as an example. Let v 1 , v 2 denote the orthogonal unit eigenvectors of B, and let ξ 1 , ξ 2 be the corresponding eigenvalues. Then,
Define the change of variable (x,ỹ) T = G(x, y) T andf (x,ỹ) = f (G −1 (x,ỹ)). LetΩ denote the image of Ω andt denote the image of an element t for any t ∈ τ . With the above change of variable, (3.21) with the constant coefficient matrix B becomes (2.5) for variables (x,ỹ) ∈Ω with unknown solutionũ and right-hand sidef .
When the linear Lagrange finite element method is employed to solve the problem (3.21) with coefficient matrix B, since G −1 ∇b i =∇b i (∇ and {b i } are the gradient operator and the linear Lagrange basis in the new variable, respectively), we see that the element stiffness matrix K t on a triangle t is identical to the element stiffness matrix fort corresponding to the Poisson equation (2.5) . Consequently, equilateral elements may not necessarily lead to good conditioning for stiffness matrices of anisotropic equations [37] . In [33] , it is argued that an optimal uniform triangular mesh is equilateral with respect to the metric, which is the inverse of the coefficient matrix, which is consistent to the computation given in [37] .
With the help of transformation G, the computations given in [37] can be readily applied to the case of more general finite element spaces, following similar discussions given in the earlier sections. It can thus be seen that the important geometric factors affecting the stiffness matrix conditioning, for highly anisotropic problems, are ρt min |t| and ρt max |t| of the transformed elementt, and the corresponding value of |t|
For instance, consider the two-dimensional case with B being a diagonal tensor with diagonal entries 81 and 1. In this case, G is also diagonal with entries 1/9 and 1. Hence, thin triangles with an aspect ratio of roughly nine, oriented parallel to the xaxis, ideally provide the optimal stiffness matrix conditioning. The numerical results in Table 4 .5 are obtained by solving the anisotropic equation in a unit square with a linear finite element on meshes shown in Figure 4 .1. As predicted, the condition number corresponding to the triangulation of the 27 × 243 rectangular mesh is the smallest. 5. Conclusion and future work. In this paper, the relations between the spectral condition number of stiffness matrix and mesh geometry are systematically explored. Our main results are rigorously derived and yet applicable to very general equations, finite element spaces, and geometric meshes. They may lead to more work in the following two directions: better understanding of the effect of geometry on the matrix conditioning can lead to the development of better iterative solvers; at the same time, better mesh generation and optimization strategies and mesh quality measures can be devised to generate meshes on which a compromise between the efficiency of the solver and the discretization error can be reached so that optimal performance of finite element computations can be obtained.
There remain many interesting issues to be investigated in the future; for instance, preconditioning can greatly improve the performance of the linear algebraic solvers, and for many practical applications, the discrete algebraic problems can be tractable only if effective preconditioners are used. It will thus be interesting to study the precise dependence of the condition number estimates on the mesh geometry for preconditioned stiffness matrices [36] . Also, it is well known that the stiffness matrix conditioning will be different when different basis functions are employed [4, 9] . Comparisons of different basis selections for high-order elements remain to the investigated. This is particularly important for the p-version or h − p version finite element methods [23, 35] . In addition, we have not considered equations involving convection terms, which may be solved by stabilized finite elements; the streamline-upwind Petrov/Galerkin methods; and the residual-free bubbles methods. Such discussions may become more complex due to the possible lack of symmetry in the stiffness matrix and the loss of variational structure. Extensions to other interesting physical models such as the elasticity equations and Stokes equations, and to nonsimplicial meshes such as quadrilateral and hexahedral meshes (see [32, 28] ), can also be considered. While many more issues remain to be examined, the present work complements existing work in the literature, and together, they provide a rigorous and systematic foundation for future studies.
